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Minimal answer: !
A material with an insulating bulk and !

metallic states at the boundary

3D Topological Insulator: 

2D surface states:!
Massless Dirac Fermions

Insulating bulk !
energy band gap

What is a Topological insulator?

Review: !
Qi and Zhang, Rev. Mod. Phys. 83, 1057 (2011)

Solid state materials: !
Bi2Se3, Bi2Te3, HgTe, BiSb alloys, etc. 
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Minimal answer: !
A material with an insulating bulk and !

metallic states at the boundary

2D Topological Insulator: 

What is a Topological insulator?

Review: Qi and Zhang, Rev. Mod. Phys. 83, 1057 (2011)
Only a few Solid state materials: HgTe and InAs/GaSb quantum wells.

Insulating bulk !
energy band gap

1D edge states

Proposed in Graphene! !
Problem: The spin-orbit coupling seems two small experimentally!  
Kane and Mele, 95 Phys. Rev. Lett 2005



Spin-momentum locking in topological insulators

Helical edge states: !
-Spin up and down are 
counterpropagating 

wave vector

En
er

gy



 Time-reversal invariance in topological insulators
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Kramers degeneracy: Energy levels doubly degenerate   

Time-reversal symmetry (for             )
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E

1′
E

2′
,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
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(t) in the Heisenberg picture and V αᾱ
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Helical edge states 
appear in Kramers pairs: 
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χαE(x) with energy E and label α = o, i (i : inner, o : outer). The inter-ES interaction is given by

Hint =
1

2

∑

α

∫

dE dE′ Uα(E
′, E) a†αE′aαE , (6)

where a†αE (aαE) is the creation (annihilation) operator for the scattering state χαE and Uα(E′, E) is the potential
operator for scattering a particle from E to E′ in the ES α at the expense of a particle scattering in the opposite
ES ᾱ. Explicitly Uα(E1′ , E1, t) =

∫

dE2dE2′V αᾱ
E1′E2′ ,E1E2

a†ᾱE
2′
(t)aᾱE2

(t) in the Heisenberg picture and V αᾱ
E1′E2′ ,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
Using the Heisenberg equation of motion i!∂taαE(t) = [aαE(t), H ], the electronic distribution function fα(E) in ES

α can be found by evaluating ⟨a†αE(t)aαE′(t)⟩ = δ(E − E′)fα(E). The non-interacting distributions are f0
i (E) =

f0
µi
(E) and f0

o (E) = Rf0
µ1
(E) + T f0

µ2
(E), where f0

µ ≡ {1 + exp[(E − µ)/k
b
T ]}−1 and T (R) is the transmission

(reflection) probability of the QPC, see Fig. ??. The chemical potential of the inner ES µi can experimentally be
tuned independently of µ1 and µ2 by using an additional QPC (not shown in Fig. ??). To second order in the

interaction matrix element the distribution is f (2)
α = f0

α + δf (2)
α , where (see Supplementary Material [? ] for details)

δf (2)
α (E) =

2π

∫ ∞

−∞

dω

[

f0
α(E + !ω)[1− f0

α(E)]Sa
δUαδUα

(E,E + !ω,ω)

− f0
α(E)[1− f0

α(E + !ω)]Se
δUαδUα

(E + !ω, E,ω)

]

. (7)

2πδ(ω + ω′)Sa
δUαδUα

(E′, E,ω) ≡ ⟨δUα(E,E′,ω)(1)δUα(E
′, E,ω′)(1)⟩, (8)

where δU (1)
α ≡ U (1)

α − ⟨U (1)
α ⟩

The importance of  Time-reversal invariance
No scattering between 

Kramers pairs: !
!

!

by time-reversal invariant 
potentials
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notes to slide

PACS numbers: 73.23.-b, 73.43.Cd, 72.70.+m

⇓⇒ Θ2 = −1 (1)

ϕk↑ ϕ−k↓ εk↑ = ε−k↓ (2)

⟨ϕk↑|V |ϕ−k↓⟩=0 ΘV Θ−1 = V (3)

σxy = ν
e2

h
ρxy =

h

e2
1

ν
E0 (4)

IQD ∝ fsource(E0)− fDrain(E0) (5)

TL=∞
inner = TL=∞

outer Texc,outer (6)

χαE(x) with energy E and label α = o, i (i : inner, o : outer). The inter-ES interaction is given by

Hint =
1

2

∑

α

∫

dE dE′ Uα(E
′, E) a†αE′aαE , (7)

where a†αE (aαE) is the creation (annihilation) operator for the scattering state χαE and Uα(E′, E) is the potential
operator for scattering a particle from E to E′ in the ES α at the expense of a particle scattering in the opposite
ES ᾱ. Explicitly Uα(E1′ , E1, t) =

∫

dE2dE2′V αᾱ
E1′E2′ ,E1E2

a†ᾱE2′
(t)aᾱE2

(t) in the Heisenberg picture and V αᾱ
E1′E2′ ,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
Using the Heisenberg equation of motion i!∂taαE(t) = [aαE(t), H ], the electronic distribution function fα(E) in ES

α can be found by evaluating ⟨a†αE(t)aαE′(t)⟩ = δ(E − E′)fα(E). The non-interacting distributions are f0
i (E) =

f0
µi
(E) and f0

o (E) = Rf0
µ1
(E) + T f0

µ2
(E), where f0

µ ≡ {1 + exp[(E − µ)/k
b
T ]}−1 and T (R) is the transmission

(reflection) probability of the QPC, see Fig. ??. The chemical potential of the inner ES µi can experimentally be
tuned independently of µ1 and µ2 by using an additional QPC (not shown in Fig. ??). To second order in the

interaction matrix element the distribution is f (2)
α = f0

α + δf (2)
α , where (see Supplementary Material [? ] for details)

δf (2)
α (E) =

2π

∫ ∞

−∞

dω

[

f0
α(E + !ω)[1− f0

α(E)]Sa
δUαδUα

(E,E + !ω,ω)

− f0
α(E)[1− f0

α(E + !ω)]Se
δUαδUα

(E + !ω, E,ω)

]

. (8)
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χαE(x) with energy E and label α = o, i (i : inner, o : outer). The inter-ES interaction is given by
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∑

α

∫

dE dE′ Uα(E
′, E) a†αE′aαE , (7)

where a†αE (aαE) is the creation (annihilation) operator for the scattering state χαE and Uα(E′, E) is the potential
operator for scattering a particle from E to E′ in the ES α at the expense of a particle scattering in the opposite
ES ᾱ. Explicitly Uα(E1′ , E1, t) =

∫

dE2dE2′V αᾱ
E1′E2′ ,E1E2

a†ᾱE2′
(t)aᾱE2

(t) in the Heisenberg picture and V αᾱ
E1′E2′ ,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
Using the Heisenberg equation of motion i!∂taαE(t) = [aαE(t), H ], the electronic distribution function fα(E) in ES

α can be found by evaluating ⟨a†αE(t)aαE′(t)⟩ = δ(E − E′)fα(E). The non-interacting distributions are f0
i (E) =

f0
µi
(E) and f0

o (E) = Rf0
µ1
(E) + T f0

µ2
(E), where f0

µ ≡ {1 + exp[(E − µ)/k
b
T ]}−1 and T (R) is the transmission

(reflection) probability of the QPC, see Fig. ??. The chemical potential of the inner ES µi can experimentally be
tuned independently of µ1 and µ2 by using an additional QPC (not shown in Fig. ??). To second order in the

interaction matrix element the distribution is f (2)
α = f0

α + δf (2)
α , where (see Supplementary Material [? ] for details)

δf (2)
α (E) =

2π

∫ ∞

−∞

dω

[

f0
α(E + !ω)[1− f0

α(E)]Sa
δUαδUα

(E,E + !ω,ω)

− f0
α(E)[1− f0

α(E + !ω)]Se
δUαδUα

(E + !ω, E,ω)

]

. (8)

Impurity NO elastic backscattering 
by impurities etc. 

But Inelastic backscattering !
is possible! 

• Phonon + spin-orbit:!
Budich, Dolcini, Recher, Trauzettel PRL (2012); !
  !

• e-e interactions + impurity + Spin-orbit:!
Schmidt, Rachel, von Oppen, Glazman PRL (2012)



The importance of  Time-reversal invariance
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χαE(x) with energy E and label α = o, i (i : inner, o : outer). The inter-ES interaction is given by

Hint =
1

2

∑

α

∫

dE dE′ Uα(E
′, E) a†αE′aαE , (6)

where a†αE (aαE) is the creation (annihilation) operator for the scattering state χαE and Uα(E′, E) is the potential
operator for scattering a particle from E to E′ in the ES α at the expense of a particle scattering in the opposite
ES ᾱ. Explicitly Uα(E1′ , E1, t) =

∫

dE2dE2′V αᾱ
E1′E2′ ,E1E2

a†ᾱE
2′
(t)aᾱE2

(t) in the Heisenberg picture and V αᾱ
E1′E2′ ,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
Using the Heisenberg equation of motion i!∂taαE(t) = [aαE(t), H ], the electronic distribution function fα(E) in ES

α can be found by evaluating ⟨a†αE(t)aαE′(t)⟩ = δ(E − E′)fα(E). The non-interacting distributions are f0
i (E) =

f0
µi
(E) and f0

o (E) = Rf0
µ1
(E) + T f0

µ2
(E), where f0

µ ≡ {1 + exp[(E − µ)/k
b
T ]}−1 and T (R) is the transmission

(reflection) probability of the QPC, see Fig. ??. The chemical potential of the inner ES µi can experimentally be
tuned independently of µ1 and µ2 by using an additional QPC (not shown in Fig. ??). To second order in the

interaction matrix element the distribution is f (2)
α = f0

α + δf (2)
α , where (see Supplementary Material [? ] for details)

δf (2)
α (E) =

2π

∫ ∞

−∞

dω

[

f0
α(E + !ω)[1− f0

α(E)]Sa
δUαδUα

(E,E + !ω,ω)

− f0
α(E)[1− f0

α(E + !ω)]Se
δUαδUα

(E + !ω, E,ω)

]

. (7)

2πδ(ω + ω′)Sa
δUαδUα

(E′, E,ω) ≡ ⟨δUα(E,E′,ω)(1)δUα(E
′, E,ω′)(1)⟩, (8)

where δU (1)
α ≡ U (1)

α − ⟨U (1)
α ⟩
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⇓⇒ Θ2 = −1 (1)

ϕk↑ ϕ−k↓ εk↑ = ε−k↓ (2)
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IQD ∝ fsource(E0)− fDrain(E0) (4)
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χαE(x) with energy E and label α = o, i (i : inner, o : outer). The inter-ES interaction is given by

Hint =
1

2

∑

α

∫

dE dE′ Uα(E
′, E) a†αE′aαE , (6)

where a†αE (aαE) is the creation (annihilation) operator for the scattering state χαE and Uα(E′, E) is the potential
operator for scattering a particle from E to E′ in the ES α at the expense of a particle scattering in the opposite
ES ᾱ. Explicitly Uα(E1′ , E1, t) =

∫

dE2dE2′V αᾱ
E1′E2′ ,E1E2

a†ᾱE
2′
(t)aᾱE2

(t) in the Heisenberg picture and V αᾱ
E1′E2′ ,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
Using the Heisenberg equation of motion i!∂taαE(t) = [aαE(t), H ], the electronic distribution function fα(E) in ES

α can be found by evaluating ⟨a†αE(t)aαE′(t)⟩ = δ(E − E′)fα(E). The non-interacting distributions are f0
i (E) =

f0
µi
(E) and f0

o (E) = Rf0
µ1
(E) + T f0

µ2
(E), where f0

µ ≡ {1 + exp[(E − µ)/k
b
T ]}−1 and T (R) is the transmission

(reflection) probability of the QPC, see Fig. ??. The chemical potential of the inner ES µi can experimentally be
tuned independently of µ1 and µ2 by using an additional QPC (not shown in Fig. ??). To second order in the

interaction matrix element the distribution is f (2)
α = f0

α + δf (2)
α , where (see Supplementary Material [? ] for details)

δf (2)
α (E) =

2π

∫ ∞

−∞

dω

[

f0
α(E + !ω)[1− f0

α(E)]Sa
δUαδUα

(E,E + !ω,ω)

− f0
α(E)[1− f0

α(E + !ω)]Se
δUαδUα

(E + !ω, E,ω)

]

. (7)

2πδ(ω + ω′)Sa
δUαδUα

(E′, E,ω) ≡ ⟨δUα(E,E′,ω)(1)δUα(E
′, E,ω′)(1)⟩, (8)

where δU (1)
α ≡ U (1)

α − ⟨U (1)
α ⟩

2D topological !
insulator

Voltage
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χαE(x) with energy E and label α = o, i (i : inner, o : outer). The inter-ES interaction is given by

Hint =
1

2

∑

α

∫

dE dE′ Uα(E
′, E) a†αE′aαE , (7)

where a†αE (aαE) is the creation (annihilation) operator for the scattering state χαE and Uα(E′, E) is the potential
operator for scattering a particle from E to E′ in the ES α at the expense of a particle scattering in the opposite
ES ᾱ. Explicitly Uα(E1′ , E1, t) =

∫

dE2dE2′V αᾱ
E1′E2′ ,E1E2

a†ᾱE2′
(t)aᾱE2

(t) in the Heisenberg picture and V αᾱ
E1′E2′ ,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
Using the Heisenberg equation of motion i!∂taαE(t) = [aαE(t), H ], the electronic distribution function fα(E) in ES

α can be found by evaluating ⟨a†αE(t)aαE′(t)⟩ = δ(E − E′)fα(E). The non-interacting distributions are f0
i (E) =

f0
µi
(E) and f0

o (E) = Rf0
µ1
(E) + T f0

µ2
(E), where f0

µ ≡ {1 + exp[(E − µ)/k
b
T ]}−1 and T (R) is the transmission

(reflection) probability of the QPC, see Fig. ??. The chemical potential of the inner ES µi can experimentally be
tuned independently of µ1 and µ2 by using an additional QPC (not shown in Fig. ??). To second order in the

interaction matrix element the distribution is f (2)
α = f0

α + δf (2)
α , where (see Supplementary Material [? ] for details)

δf (2)
α (E) =

2π

∫ ∞

−∞

dω

[

f0
α(E + !ω)[1− f0

α(E)]Sa
δUαδUα

(E,E + !ω,ω)

− f0
α(E)[1− f0

α(E + !ω)]Se
δUαδUα

(E + !ω, E,ω)

]

. (8)

Metallic !
contact
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χαE(x) with energy E and label α = o, i (i : inner, o : outer). The inter-ES interaction is given by

Hint =
1

2

∑

α

∫

dE dE′ Uα(E
′, E) a†αE′aαE , (8)

where a†αE (aαE) is the creation (annihilation) operator for the scattering state χαE and Uα(E′, E) is the potential
operator for scattering a particle from E to E′ in the ES α at the expense of a particle scattering in the opposite
ES ᾱ. Explicitly Uα(E1′ , E1, t) =

∫

dE2dE2′V αᾱ
E

1′
E

2′
,E1E2

a†ᾱE2′
(t)aᾱE2

(t) in the Heisenberg picture and V αᾱ
E

1′
E

2′
,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
Using the Heisenberg equation of motion i!∂taαE(t) = [aαE(t), H ], the electronic distribution function fα(E) in ES

α can be found by evaluating ⟨a†αE(t)aαE′(t)⟩ = δ(E − E′)fα(E). The non-interacting distributions are f0
i (E) =

f0
µi
(E) and f0

o (E) = Rf0
µ1
(E) + T f0

µ2
(E), where f0

µ ≡ {1 + exp[(E − µ)/k
b
T ]}−1 and T (R) is the transmission

(reflection) probability of the QPC, see Fig. ??. The chemical potential of the inner ES µi can experimentally be
tuned independently of µ1 and µ2 by using an additional QPC (not shown in Fig. ??). To second order in the

Metallic !
contact
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⇓⇒ Θ2 = −1 (1)

ϕk↑ ϕ−k↓ εk↑ = ε−k↓ (2)
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σxy = ν
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χαE(x) with energy E and label α = o, i (i : inner, o : outer). The inter-ES interaction is given by

Hint =
1

2

∑

α

∫

dE dE′ Uα(E
′, E) a†αE′aαE , (8)

where a†αE (aαE) is the creation (annihilation) operator for the scattering state χαE and Uα(E′, E) is the potential
operator for scattering a particle from E to E′ in the ES α at the expense of a particle scattering in the opposite
ES ᾱ. Explicitly Uα(E1′ , E1, t) =

∫

dE2dE2′V αᾱ
E

1′
E

2′
,E1E2

a†ᾱE2′
(t)aᾱE2

(t) in the Heisenberg picture and V αᾱ
E

1′
E

2′
,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
Using the Heisenberg equation of motion i!∂taαE(t) = [aαE(t), H ], the electronic distribution function fα(E) in ES

α can be found by evaluating ⟨a†αE(t)aαE′(t)⟩ = δ(E − E′)fα(E). The non-interacting distributions are f0
i (E) =

f0
µi
(E) and f0

o (E) = Rf0
µ1
(E) + T f0

µ2
(E), where f0

µ ≡ {1 + exp[(E − µ)/k
b
T ]}−1 and T (R) is the transmission

(reflection) probability of the QPC, see Fig. ??. The chemical potential of the inner ES µi can experimentally be
tuned independently of µ1 and µ2 by using an additional QPC (not shown in Fig. ??). To second order in the

Also including disorder!

Impurities

 Spin-flip + momentum-reversal needed to backscatter elastically!! 

Quantized conductance:
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⇓⇒ Θ2 = −1 (1)
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⟨ϕk↑|V |ϕ−k↓⟩=0 ΘVΘ−1 = V (3)
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2
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(

j = 3
2

) (
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2

)

k(nm−1) d > dc d < dc dc = 6.3nm G = I/V L×W

(20.0× 13.3)µm2 (1.0× 1.0)µm2 (1.0× 0.5)µm2 G =
2e2

h
(5)

µL=εF + eV µR=εF µL−µR≫k
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E1′E2′ ,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
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(t) in the Heisenberg picture and V αᾱ
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E1′E2′ ,E1E2

a†ᾱE2′
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(t) in the Heisenberg picture and V αᾱ
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E1′E2′ ,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
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(t) in the Heisenberg picture and V αᾱ
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a†ᾱE2′
(t)aᾱE2
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(t) in the Heisenberg picture and V αᾱ
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Helical edge states coupled to a spin bath: Current-induced magnetization
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We study current carrying helical edge states in a two-dimensional topological insulator coupled to an
environment of localized spins, i.e., a spin bath. The localized spins mediate elastic spin-flip scattering between
the helical edge states, and we show how this induces a spin-bath magnetization for a finite current through the
edge states. The magnetization appears near the boundaries of the topological insulator, while the bulk remains
unmagnetized, and it reaches its maximal value in the high bias regime. Furthermore, the helical edge states
remain ballistic in steady state, if no additional spin-flip mechanisms for the localized spins are present. However,
we demonstrate that if such mechanisms are allowed, then these will induce a finite current decrease from the
ballistic value.
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I. INTRODUCTION

Gapless helical edge states exist at the boundary of a
two-dimensional (2D) topological insulator (TI).1–3 A pair of
helical edge states are counterpropagating, and different edge
states with opposite wave numbers, k and −k, constitute a
Kramers pair. The prime example of a 2D TI has been re-
cently realized experimentally by the group of Molenkamp4–7

in HgTe quantum wells. Evidence of edge states in both
two-terminal4 and nonlocal5 transport measurements were
found and, furthermore, the relation between the spin of
the helical edge state (HES) and propagation direction was
experimentally established.6 The existence of the TI state in
a HgTe quantum well beyond a certain critical well thickness
was predicted by Bernevig, Hughes, and Zhang (BHZ)8 by
constructing a minimal model – similar to a massive Dirac
model – describing the basic physics.

The fact that the HESs come in Kramers pairs means that
elastic scattering from wave vector k in one HES to −k in the
other HES within a pair cannot be induced by time-reversal
invariant potentials. Therefore scattering by, e.g., impurities
between a pair of HESs is strongly suppressed, which results in
ballistic transport and quantized conductance of e2/h per pair
of HESs as observed.4,5 Inelastic scattering mechanisms9–11

and scattering mechanisms breaking time-reversal invariance
can, however, induce scattering between the HESs. For
instance, the effect of a single magnetic impurity on the
conductance through a pair of HESs have been considered.12,13

In this case, Tanaka et al.13 showed that even though a single
magnetic impurity breaks time-reversal invariance, it does not
have any effect on the dc conductance. Also the Ruderman-
Kittel-Kasuya-Yosida (RKKY) interaction mediated by HESs
has been studied.14

A. Qualitative considerations on the current-induced
magnetization and the current change

In this paper, we consider a 2D TI coupled to an environ-
ment of localized spins, i.e., a spin bath. We focus on a single
pair of HESs as seen in Fig. 1(a), even though a real device has
a pair of HESs at each boundary. This can be done without loss
of generality as long as the boundaries are not close together
(as for instance in a point contact geometry15). Furthermore,

for simplicity we consider the case of a spin-1/2 bath, which
is not essential for the physics discussed in this paper.

The spin bath breaks time-reversal symmetry (from the
point of view of the carriers in the HESs) and therefore
enables the possibility of elastic scattering between the HESs.
We argue that current through the HESs will induce a
magnetization in the spin bath near the boundary region of
the 2D TI. The magnetization comes about due to angular
momentum conserving scattering between the HESs. The
occupation of the HES is determined by the contact, where it
originates. This means that the right-moving HES is occupied
up to the chemical potential µL of the left contact and
vice versa (see Fig. 1). Therefore, a finite bias voltage, say
µL > µR , opens an energy window favoring scattering from
the right-moving spin up HES to the left-moving spin down

x

y

µRµL

µL

µR

↑↓

k

εk↑εk↓

µL > µR

µL

µR ↑↓

k

εk↑εk↓

µL < µR

(a)

(b)  (c)

FIG. 1. (Color online) (a) A pair of helical edge states coupled to
a spin bath (blue arrows) between two leads with chemical potentials
µL and µR , respectively. The pair of helical edge states exists at
the interface between a 2D topological insulator (white region) and
an ordinary insulator (gray area). (b) and (c) show the dominant
spin-flip scattering processes between the edge states for µL > µR

and µR > µL, respectively, for an unmagnetized bath. Here the right-
(left-) moving edge state is occupied up to µL (µR), as indicated
by the thick blue (red) lines. Since the inter edge state scattering is
mediated by a flip of a localized spin in the bath, it will lead to an
excess number of spin up in the bath for µL > µR in (b) [and vice
versa for µR > µL in (c)], and in terms give a finite magnetization.
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HES [see Fig. 1(b)]. This scattering is mediated by a spin flip
in the bath in the opposite direction, ↓ to ↑, and therefore
this rate of inter-HES scattering depends on the number of
spin down in the bath. The scattering between the HES will
therefore dynamically change the number of spin down and up
in the spin bath until a steady state is reached. In other words,
the magnetization in the spin bath builds up to compensate the
increased phase space for the inter-HES scattering due to the
bias. In particular, the spin bath can magnetize completely in
the high bias regime, where the phase space for one of the
two inter-HES scattering processes is suppressed completely.
Since the HESs only exist on the boundary, the spins localized
in the bulk of the 2D TI are not affected by the current through
the HESs.

The spin-flip scattering between the HESs also changes the
propagation direction of the carrier, i.e., it is a backscattering
process. However, if no additional spin-flip mechanisms are
present for the localized spins, then the HESs remain ballistic
in steady state, because once a spin in the bath has mediated a
transition between the edge states by flipping from, say, down
to up, then it cannot mediate another transition. Nevertheless,
if additional spin-flip mechanisms are feasible to randomize
the direction of the localized spins, then this will induce a
finite steady-state current change, since backscattering be-
tween the edge states now will try to compensate the
randomizing of the spins.

One possible experimental realization of the spin bath is
magnetic impurities, e.g., Mn ions in a HgTe quantum well.16

In this case, a low concentration of magnetic impurities is
required not to hinder the existence of HESs. However, the
physics and phenomenon discussed here is of a rather generic
nature for any 2D TI coupled to an environment of localized
spins.

II. THE SPIN-BATH DYNAMICS AND THE CURRENT

Next, we describe in detail how the spin bath and the
transport through the HESs are connected. Without the spin
bath, the electric current through a single pair of HESs is
ballistic such that

I (0) = (−e)
h

(µL − µR), (1)

where µL (µR) is the chemical potential of the left (right) lead
and e > 0 is the elementary charge.

The spin-bath mediated scattering between the HESs is a
backscattering of a single particle, since the two HESs are
counterpropagating. The electric current change δI due to the
spin bath is given by the rate of change in the number of left
(or right) movers. This is, in terms, given by the rates "σ←σ ′

for transferring a particle from the HES σ ′ to the HES σ , i.e.,

δI = (−e)("↑←↓ − "↓←↑), (2)

and the total current is I = I (0) + δI . The scattering rates
"σ←σ ′ are dependent on the magnetization of the spin bath.
For instance, the more localized spins with spin up, the larger
the rate "↑←↓ and vice versa. [Detailed expressions are given
below; see, e.g., Eq. (8).]

Now we turn to the dynamics of the spin bath. Every time
one particle is scattered between the HESs, a single localized
spin is flipped. This means that the number of each spin species

in the bath covered by the HES, Nσ , will change dynamically
with the same rates "σ←σ ′ as the inter-HES scattering.
Therefore, the time evolution of the number of localized spin
species σ , Nσ , due to the scattering between the HESs can
be described by the rate equations ∂tN↑ = "↓←↑ − "↑←↓ and
∂tN↓ = "↑←↓ − "↓←↑, where the total number of localized
spins covered by the HESs, Ns = N↑ + N↓, is fixed. (Note that
the rate indices refer to the HES spin flip, which is opposite to
the spin flip in the bath.) For convenience, we normalize the
magnetization such that the maximal (minimal) magnetization,
where all the localized spins are in the up (down) state,
is 1 (−1). Therefore, we write the magnetization as
M ≡ (N↑ − N↓)/Ns , which is also often called magnetic
polarization. Therefore, subtracting the two rate equations
for N↑ and N↓, the rate equation for the magnetization
becomes ∂tM = 2("↓←↑ − "↑←↓)/Ns . However, this is
considering only the spin flip in the bath stemming from
the scattering between the HESs. Other, presumably much
weaker, mechanisms might also flip the localized spins
such as dipole-dipole interactions within the spin bath and
spin-phonon coupling, e.g., relevant for Mn ions.17,18 Such
mechanisms will try to equilibrate the number of spin up
and down in the bath, and thus drive the magnetization
towards zero. We include this in the time evolution of the
magnetization by a phenomenological term −"rM/Ns

similar to the relaxation-time approximation,19 i.e.,

∂tM = 2
Ns

("↓←↑ − "↑←↓) − 1
Ns

"rM. (3)

The phenomenological term is divided by Ns such that "r is
a spin-flip rate per localized spin and thereby comparable to
"σ←σ ′ .

Therefore, it is now evident that for "r = 0, these simple
rate equations lead to δI (t) = e

2Ns∂tM, such that in steady
state, ∂tM = 0, there is no current change,

δI = 0 (for "r = 0), (4)

and the HESs remain ballistic. Physically, the magnetization
builds up to compensate the difference in scattering rates
between the two HESs (i.e., "↓←↑ = "↑←↓ is required in
steady state for "r = 0).

Taking the additional weak spin-flip mechanisms in the bath
into account, "r ̸= 0, the current change is no longer zero in
the steady state, but found to be

δI = e

2
"rM ̸= 0 (5)

by inserting the current change (2) into ∂tM = 0. Physically,
the current change is a result of the competition between the
additional spin-flip mechanisms within the bath and the spin
flips due to the inter-HES scattering. Below, the scattering rates
are found such that the magnetization and current change can
be studied in greater detail.

III. THE HELICAL EDGE STATES AND THEIR COUPLING
TO A SPIN BATH

We model the HESs by the eigenstates

ϕk↑(x,y) = 1√
L

eikxfk(y)|↑⟩, (6a)
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χαE(x) with energy E and label α = o, i (i : inner, o : outer). The inter-ES interaction is given by

Hint =
1

2

∑

α

∫

dE dE′ Uα(E
′, E) a†αE′aαE , (10)

where a†αE (aαE) is the creation (annihilation) operator for the scattering state χαE and Uα(E′, E) is the potential
operator for scattering a particle from E to E′ in the ES α at the expense of a particle scattering in the opposite
ES ᾱ. Explicitly Uα(E1′ , E1, t) =

∫

dE2dE2′V αᾱ
E1′E2′ ,E1E2

a†ᾱE2′
(t)aᾱE2

(t) in the Heisenberg picture and V αᾱ
E1′E2′ ,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
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ES ᾱ. Explicitly Uα(E1′ , E1, t) =

∫

dE2dE2′V αᾱ
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E1′E2′ ,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
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notes to slide

PACS numbers: 73.23.-b, 73.43.Cd, 72.70.+m

⇓⇒ Θ2 = −1 (1)

ϕk↑ ϕ−k↓ εk↑ = ε−k↓ (2)

⟨ϕk↑|V |ϕ−k↓⟩=0 ΘV Θ−1 = V (3)

G =
I

V
=

2e2

h
(j =

3

2
) d (4)

(

j = 3
2

) (

j = 1
2

)

k(nm−1) d > dc d < dc dc = 6.3nm G = I/V L×W

(20.0× 13.3)µm2 (1.0× 1.0)µm2 (1.0× 0.5)µm2 G =
2e2

h
(5)

µL=εF + eV µR=εF µL−µR≫k
b
T I=

2e2

h
V + δI δI=(−e)(Γ↑←↓ − Γ↓←↑) (6)

{|E+⟩, |H+⟩, |E−⟩, |H−⟩} M0/B > 0

dM

dt
=

2

Ns
(Γ↑←↓ − Γ↓←↑)=0 δI=0 (7)

Γ↑←↓∝
N↑

Ns

∫

dkf0
R(εk↑)[1− f0

L(εk↑)] Γ↓←↑∝
N↓

Ns

∫

dkf0
L(εk↑)[1 − f0

R(εk↑)]M =
N↑ −N↓

Ns
(8)

σxy = ν
e2

h
ρxy =

h

e2
1

ν
E0 (9)

IQD ∝ fsource(E0)− fDrain(E0) (10)

TL=∞
inner = TL=∞

outer Texc,outer (11)

Notes to Slides on: Interaction induced edge channel equilibration

Anders Mathias Lunde,∗ Simon E. Nigg, and Markus Büttiker
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where a†αE (aαE) is the creation (annihilation) operator for the scattering state χαE and Uα(E′, E) is the potential
operator for scattering a particle from E to E′ in the ES α at the expense of a particle scattering in the opposite
ES ᾱ. Explicitly Uα(E1′ , E1, t) =

∫

dE2dE2′V αᾱ
E1′E2′ ,E1E2

a†ᾱE
2′
(t)aᾱE2

(t) in the Heisenberg picture and V αᾱ
E1′E2′ ,E1E2

is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
Using the Heisenberg equation of motion i!∂taαE(t) = [aαE(t), H ], the electronic distribution function fα(E) in ES
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V. THE MAGNETIZATION AND CURRENT CHANGE

Now the steady-state magnetization Mst is easily found
by inserting the rates of Eq. (10) into Eq. (3) and solving
∂tM = 0, i.e.,

Mst =
"0

↓←↑ − "0
↑←↓

"0
↓←↑ + "0

↑←↓ + 1
2 "r

. (12)

Furthermore, Eq. (3) determines that the magnetization builds
up from being initially zero as M(t) = Mst (1 − e−t/τm ),
where τm = Ns[2("0

↓←↑ + "0
↑←↓) + "r ]−1 is the characteris-

tic time scale for the magnetization process. Note that while
magnetization builds up (i.e., in the nonstationary regime),
t ! τm, electrons are backscattered, causing a finite transient
current change even for "r = 0 – in contrast to the stationary
regime.

Neglecting the weak additional spin-flip mechanisms in the
bath, "r = 0, the magnetization is readily obtained from the
rates "0

σ←σ ′ in Eq. (11) as

Mst =
∑

j

∫
dk|fk(Yj )|4

[
f 0

L(εk↑) − f 0
R(εk↑)

]
∑

j

∫
dk|fk(Yj )|4 F (εk↑)

, (13)

where F (ε) ≡ f 0
L(ε)[1 − f 0

R(ε)] + f 0
R(ε)[1 − f 0

L(ε)] was in-
troduced. In the limit of bias voltage µR − µL and temperature
kBT much smaller than the energy variation of the transverse
eigenstate, the function |fk(Yj )|4 can be taken outside the
integrals in Eq. (13), such that it simplifies to

Mst = tanh
(

µL − µR

2kBT

)
. (14)

Figure 2 shows that this is a very good approximation for
a HgTe TI. Interestingly, Eq. (14) resembles the well-known
expression of a thermal equilibrium ensemble of spins in an
external magnetic field,30 if the bias is exchanged by the
Zeeman energy. In contrast, Eq. (14) describes the current-
induced magnetization at zero external magnetic field, i.e., a
nonequilibrium steady-state situation. From Eq. (14) it follows

6 4 2 2 4

1

1
2

1
2

1
Magnetization versus bias voltage, Γr = 0

M

µR−µL

kBT

FIG. 2. (Color online) The current-induced magnetization
of the localized spins versus bias voltage over temperature,
(µR − µL)/kBT , without additional spin-flip mechanisms in the bath,
i.e., "r = 0. The simple approximation (14) for the magnetization
(full black line) is compared to a numerical calculation using the
transverse wave function from the BHZ model with Ns = 103

randomly chosen spin positions Yj for εF = (µL + µR)/2 = 0 and a
temperature of 0.1 K (purple stars), 1 K (red dots) and 10 K (blue
squares).

that for bias much larger than temperature, maximal magne-
tization Mst ≃ ±1 is found. Furthermore, in linear response
|µL − µR| ≪ kBT , we have Mst ≃ (µL − µR)/(2kBT ).

To test the validity of the approximation (14), it is compared
to a numerical calculation of the magnetization Eq. (13) in
Fig. 2. To this end, we use the transverse state fk(y) from
the BHZ model and randomly chosen spin positions Yj [see
Appendix B for details on fk(y)]. For the parameters for a 70 Å
wide HgTe quantum well,1 the magnetization expression (14)
is found to be an excellent approximation for 0 < T < 50 K
and Ns from ten and up (see Fig. 2). Numerically, the
magnetization is also found to be independent of the Fermi
level εF ≡ (µL + µR)/2.

Next, we turn to the case of including a weak additional
spin-flip mechanism, "r ̸= 0. For increasing |µR − µL|/kBT
beyond one, Eq. (11) clearly shows that one of the rates "0

σ←σ ′

will increase while the other will go to zero. Thus, for "r ̸= 0,
it is still possible to achieve Mst ≃ 1 (−1) for "0

↓←↑ ≫ "r

("0
↑←↓ ≫ "r ), which is a stronger requirement than

|µR − µL| ≫ kBT as in the "r = 0 case, Eq. (14). Therefore,
the maximal possible current change, Eq. (5), is δI = ±e"r/2
for Mst → ±1.

The sample specific information about the positions
(Xj,Yj ) of the localized spins is not of importance. Therefore,
we introduce the position average of a quantity A as
Ā ≡ 1

(LWy )Ns

∫
dX1 dY1 · · · dXNs

dYNs
A in analog with impu-

rity averaging.31 In other words, it is assumed equally likely
to find a localized spin j everywhere in the area covered by
the HESs. This enables us to give simpler expressions for
magnetization and current change for "r ̸= 0. The position
averaged inter-HES scattering rate for M = 0 is

"̄0
↓←↑ = η

h̄
(µR − µL)nB(µR − µL), (15)

where nB(ε) = [eε/kBT − 1]−1 is the Bose function and
η = (π/4)(νJ )2Ns/N

2 is a dimensionless constant related to
the strength of the interaction. Here N ≡ LWy/a is the number
of atoms covered in the plane by the HESs, since both an atom
and a localized spin is taken to cover an area of size a. To obtain
this, we used

∫ ∞
0 dYj [fk(Yj )]4 ≃ 1/Wy (see Appendix B). For

simplicity, the possibility of a weak k dependence of the width
Wy is neglected, which is justified within the BHZ model in
Appendix B. The opposite rate "̄0

↑←↓ is found by interchanging
µL and µR in "̄0

↓←↑, Eq. (15). Therefore, using the position
averaged rates, the magnetization, Eq. (12), becomes

Mst = µL − µR

(µL − µR) coth
(

µL−µR

2kBT

)
+ h̄

2η
"r

. (16)

Thus, maximal magnetization is accessible for |µL − µR| ≫
h̄
2η

"r and |µL − µR| ≫ kBT . The current change is readily
found from Eq. (5) to be

δI = −e2

h
V

πh̄"r

eV coth
(

eV
2kBT

)
+ h̄

2η
"r

, (17)

where the bias voltage V ≡ (µR − µL)/e was introduced such
that I (0) = e2

h
V . Therefore, in linear response the correction to
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notes to slide

PACS numbers: 73.23.-b, 73.43.Cd, 72.70.+m

⇓⇒ Θ2 = −1 (1)

ϕk↑ ϕ−k↓ εk↑ = ε−k↓ (2)

⟨ϕk↑|V |ϕ−k↓⟩=0 ΘV Θ−1 = V (3)

G =
I

V
=

2e2

h
(j =

3

2
) d (4)

(

j = 3
2

) (

j = 1
2

)

k(nm−1) d > dc d < dc dc = 6.3nm G = I/V L×W

(20.0× 13.3)µm2 (1.0× 1.0)µm2 (1.0× 0.5)µm2 G =
2e2

h
(5)

µL=εF + eV µR=εF µL−µR≫k
b
T I=

2e2

h
V + δI δI=(−e)(Γ↑←↓ − Γ↓←↑) (6)

{|E+⟩, |H+⟩, |E−⟩, |H−⟩} M0/B > 0

dM

dt
=

2

Ns
(Γ↑←↓ − Γ↓←↑)−

Γr

Ns
M=0 δI=0 (7)

Γ↑←↓∝
N↑

Ns

∫

dkf0
R(εk↑)[1− f0

L(εk↑)] Γ↓←↑∝
N↓

Ns

∫

dkf0
L(εk↑)[1− f0

R(εk↑)]M =
N↑ −N↓

Ns

}

M=tanh

(

µL − µR

2k
b
T

)

(8)

eV
k
b
T

µ
R
−µ

L

k
b
T

M=
µL − µR

(µL − µR) coth
(

µL−µR

2k
b
T

)

+ !

2ηΓr

δI ̸=0 G=
e2

h
−

e2

h

π!Γr

2k
b
T + !

2ηΓr

η∝J2 (9)

σxy = ν
e2

h
ρxy =

h

e2
1

ν
E0 (10)

Notes to Slides on: Interaction induced edge channel equilibration

Anders Mathias Lunde,∗ Simon E. Nigg, and Markus Büttiker
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Including spin relaxation in the bath

Possible mechanism:   Spin-phonon relaxation 
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χαE(x) with energy E and label α = o, i (i : inner, o : outer). The inter-ES interaction is given by
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′, E) a†αE′aαE , (10)

where a†αE (aαE) is the creation (annihilation) operator for the scattering state χαE and Uα(E′, E) is the potential
operator for scattering a particle from E to E′ in the ES α at the expense of a particle scattering in the opposite
ES ᾱ. Explicitly Uα(E1′ , E1, t) =
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(t) in the Heisenberg picture and V αᾱ
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is the inter-ES electron-electron interaction matrix element for the scattering process (αE1, ᾱE2) → (αE1′ , ᾱE2′).
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(Γ↓←↑ − Γ↑←↓)=0 δI=0 (8)

dM

dt
=

2

Ns
(Γ↓←↑ − Γ↑←↓)−

Γr

Ns
M=0 δI=0 (9)

JHF ∼ 1− 10µeV τHF
m ∼ 108 − 1010τ imp

m ∼ 10min – 1day JHF ∼ 100µeV τHF
m ∼ 10s

Γ↑←↓∝
N↑
Ns

∫

dkf0
R(εk↑)[1− f0

L(εk↑)] Γ↓←↑∝
N↓
Ns

∫

dkf0
L(εk↑)[1− f0

R(εk↑)]M =
N↑ −N↓

Ns

}

M=tanh

(

µL − µR

2k
b
T

)

(10)



• 2D topological insulators exist in the solid state!

!

• 2D topological insulator + spin-bath =                                  
Magnetization at the edge, but no current change!!!

!

• Spin-relaxation in spin-bath gives a small current 
change.

Summary

Ref.:  - Phys. Rev. B 86, 035112 (2012)!

          - Phys. Rev. B 88, 115411 (2013)  



Thank you  
for your attention!


